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In this paper it is shown that if p = 4k + I is a prime such that qQ - l)/ 
(p - 1) > l/4, then there is at least one pair of consecutive primitive roots 
modulo p. Generalization of this proposition, related results, and some com- 
putational work are also discussed. 
1. INTRODUCTION 
In this note we discuss questions concerning certain additive properties 
of the primitive roots, the quadratic residues and the quadratic nonresidues 
of a prime. 
Let p denote Euler’s totient function. If p is a prime, let g, , g, ,..., g,, , 
where A = I& - l), denote the primitive roots of p. If a is an integer, 
(p T a), then a’ will denote a solution of the congruence aa’ = 1 (mod p). 
THEOREM 1. Zfp = 4k + 1 is a prime such that y(p - l)/(p - 1) > $ 
and b is a quadratic residue modulo p, then there is at least one primitive 
root of p among the integers 
g, + b, g, + b ,..., g,, + b, g, + b’, g, + b’,..., g, + b’. (1) 
THEOREM 2. Zfp = 4k + 3 > 3 is a prime such that v(p - l)/(p - 1) > & 
and b is an integer (p z b), then there is at least one primitive root of p among 
the integers (1). 
For the special case when b is 1 (i.e., when we ask for pairs of consecutive 
primitive roots of a prime), Theorem 1 improves results recently obtained 
in [l]. The demonstration of these theorems suggests other elementary 
proofs for the following theorems of 0. Perron [2]. 
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If p is a prime, let IZ~ , n, ,..., n(,-,),, (resp. rl , r2 ,..., q9-& denote 
distinct quadratic nonresidues (quadratic residues) of p and let r,, = 0 
(modp). We shall use the term nonresidue (residue) for quadratic non- 
residue (quadratic residue). For convenience, we call r0 a residue. 
_ THEOREM 3 (Perron [2]). Zf p = 4k + 1 is a prime then among the 
integers 
nl + a, n2 + as-9 n2k + a (2) 
there are k residues and k nonresidues if a is a residue; k + 1 residues 
(including 0) and k - 1 nonresidues if a is a nonresidue. 
THEOREM 4 (Perron [2]). Zf p = 4k + 1 is a prime then among the 
integers 
r. + a, rl + a,..., r2k + a (3) 
there are k + 1 residues (including 0) and k nonresidues if a is a residue; k 
residues and k + 1 nonresidues if a is a nonresidue. 
The method of proof for these results can also be used to prove similar 
results for primes of the form 4n + 3. 
2. PROOF OF THEOREMS 1 AND 2 
Proof of Theorem 1. Let p = 4k + 1 be a prime such that 
Y-0 - MP - 1) > 4 and let a be an integer (p 7 a). From the set of 
integers 
gl + a, g2 + a,..., gh + a 
select all the nonresidues and denote these, say, by 
gl + a, g2 + a,..., g, + a (n < 4. (4) 
Since -1 is a residue and -g is a primitive root of p when g is, the 
integers 
hl = -(a + a), h2 = -k2 + a),..., h, = -(g, + a) 
are nonresidues and 
hl + a, h, + a,..., h, -t- a 
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are primitive roots of p. Naturally these n primitive roots belong to (2). 
The set (3) therefore contains the remaining h - n primitive root of p and 
no others. Since (3) contains k distinct nonresidues (this is proved inde- 
pendently in Theorem 4), the set (3) contains k - (A - n) distinct non- 
residues which are not primitive roots of p. 
If no member of (4) is a primitive root of p, then the n nonresidues of (4) 
together with the h primitive roots of p and the k - (A - n) nonresidues 
of (3) which are not primitive roots of p, give a total of 
h + n + (k - (h - n)) = 2n + (p - 1)/4 
distinct nonresidues of p. Since there are exactly (p - 1)/2 nonresidues, 
n d (p - lV-3. (5) 
Let b be a residue and g a primitive root of p. gp-2 is also a primitive 
root of p, because (p - 2, p - 1) = 1. Since b’gp-2 is a nonresidue, the 
congruence 
b’gp-2(g + b) = gp-2 + b’ (modp) 
implies that g + b is a nonresidue if and only if gp-2 + b’ is a residue.’ 
If we consider the pair of numbers g + b and gp-2 + b’ = h + b’, as g 
runs through the y(p - 1) distinct primitive roots of p, and for each g 
select the nonresidue of the pair, we obtain sets of nonresidues 
A = k, + b, g, + b,..., g, + 4 
and 
A’ = {h, + b’, h2 + b’,.... h, + b’) 
where gl , g2 ,..., g, (rev. hl , h2 , . . . . h,) are distinct primitive roots of 
p, no two members of A (resp. no two members of A’) are congruent, 
n b 0, m > 0, n + m = y~(p - 1). 
Without loss of generality we may assume that m < n so that 
y(p - 1)/2 < n. If no member of A is a primitive root of p, we have, 
using (5), 
or 
F(P - 1)/2 < n 9 (P - I)/8 
dP - MP - 1) G $9 
a contradiction. Thus at least one member of (1) is a primitive root of p, 
and the theorem is proved. 
1 g + b + 0 (modp), since g is a nonresidue and, for primes p = 4n + 1, -b is a 
residue when 6 is a residue. 
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Proof of Theorem 2. Let p = 4n + 3 > 3 be a prime such that 
v(p - l)/(p - 1) > 4, and let b be a residue of p. We construct sets of 
distinct nonresidues A and A’ as in the proof of Theorem 1. In the present 
case we can only say that n + m > y(p - 1) - 1, since g + b = 0 
(modp) is possible, but only for at most one primitive root g. 
Without loss of generality assume that n 3 m so that n > q(p - 1)/2 
whenp > 3. If no member of A is a primitive root ofp, then the q(p - 1) 
primitive roots of p, together with the n distinct nonresidues of A, give 
rise to the inequality 
or 
F(P - 1) + & - 1)/z G dp - 1) + n < (P - l)/& 
dP - MP - 1) d 99 
a contradiction, Thus at least one member of (1) is a primitive root of p, 
when b is a residue, 
If b* is a nonresidue then b = -b* is a residue, since p = 3 (mod 4). 
Thus, as we have demonstrated, at least one of the integers of (l), say 
g, + b = g, - b* = h, is a primitive root of p. Then h + b* = g, , and 
the theorem is proved. 
3. PROOF OF THEOREMS 3 AND 4 
Letp = 4k + 1 be a prime and a an integer (p f a). As shown by Perron, 
in order to prove Theorem 4, it is sufficient to prove Theorem 3 and 
observe that 
r. + a, rl + a?, r2k + a, nl + a,..? n2k + a (6) 
is a complete system of residues modulo p. 
Proof of Theorem 3. Let a be a residue. If n is a nonresidue, then n’, 
an’, and m = a2n’ are nonresidues. 
The congruence 
an’(n + a) = m + a (modp) 
implies that n + a is a residue if and only if m + a is a nonresidue. 
Therefore, for each nonresidue n there is a nonresidue m such that exactly 
one of n + a and m + a is a nonresidue. The set of integers (2) 
thus contains k residues and k nonresidues, when a is a residue. 
B Here also n + a and m + a cannot be divisible by p, since each of n and m is a 
nonresidue and -a is a residue. 
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Let a be a nonresidue. Then a’ is a nonresidue and the integers 
a’r, , a’r, ,..., a’r21c 
are distinct nonresidues. Then as we have just shown, there are k residues 
and k nonresidues among the integers 
a’r, + 1, a’r, + l,..., a’rsk + 1. 
Multiplying each term of (7) by a and including r,, + a (a nonresidue) we 
obtain the set of integers 
r. + a, rl + a ,..., rzp + a, (8) 
which therefore consists of k residues and k + 1 nonresidues. By com- 
paring (8) and (6), we see that (2) consists of k + 1 residues (including 0) 
and k - 1 nonresidues when a is a nonresidue. The proof is complete. 
4. REMARKs 
Remark 1. It is natural to ask the following question. If p is a prime 
satisfying the conditions of Theorem 1 or Theorem 2 and a is an integer, 
does the set of integers 
gl + a, g2 + a,..., gA + a (9) 
contain a primitive root of p ? 
We show that there are primes p and integers a for which no member 
of (9) is a primitive root. 
Let p = 13 = 4 . 3 + 1 so that ~(12)/12 > l/4. The primitive roots 
of p are 2, 6, 7, and 11. If a is one of the nonresidues 6 or 1 l-note that 
6’ E 11 (mod 13)-or the residue 3, then the integers (mod 13) in the set 
(9) are: 8, 12,0 and 4; 0, 4, 5, and 9; 5, 9, 10, and 1, respectively. We have 
no primitive root of 13 in these sets. In fact, when a = 6, no member of 
(1) is a primitive root modulo 13. 
Let p = 11 = 4 * 2 + 3 so that v(lO)/lO > l/3. The primitive roots 
of p are 2, 6, 7, and 8. If a is the residue 3 or the nonresidue 8, then the 
integers (mod 11) in the set (9) are: 5, 9, 10, and 0; 10, 3, 4, and 5, respec- 
tively. We again have no primitive root of 11 in these sets. 
A direct computer calculation shows that the only primes p < 2000, for 
which there is an integer a such that no member of (9) is a primitive root 
ofp, arep = 2, 3, 5, 7, 11, 13, 31, and 61. 
641/3/1-z 
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Remark 2. Let p = 4k + 3 be a prime such that &I - l)/(p - 1) > l/3 
and a an integer such ind a = 0 (mod q1 q2 ..* qJ, where qr run through 
all the odd prime divisors ofp - 1 or through all prime divisors ofp - 1. 
We show here that at least one member of (9) is a primitive root ofp. 
By Theorem 2 at least one member of (1) is a primitive root of p, say 
g, + a’. Then 
a*(gl + a’) = a2gl + a (modp). 
It is obvious that 
(ind a2(gl + a’), p - 1) = (ind a2gl , p - 1) = 1, 
so a2gl and a2gl + a are primitive roots of p. 
A similar result may be proved for primes of the form 4k + 1. 
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